Simulation Techniques

     Many real-life problems can be solved by employing simulation techniques.

A simulation technique uses a probability experiment to mimic a real-life situation.

      Instead of studying the actual situation, which might be too costly, too dangerous, or too time-consuming, scientists and researchers create a similar situation but one that is less expensive, less dangerous, or less time-consuming. For example, NASA uses space shuttle flight simulators so that its astronauts can practice flying the shuttle. Most video games use the computer to simulate real-life sports such as boxing, wrestling, baseball, and hockey.
Computers have played an important role in simulation techniques, since they can generate random numbers, perform experiments, tally the outcomes, and compute the probabilities much faster than human beings. The basic simulation technique is called the Monte Carlo method. This topic is discussed next.

The Monte Carlo Method

       The Monte Carlo method is a simulation technique using random numbers. Monte Carlo simulation techniques are used in business and industry to solve problems that are extremely difficult or involve a large number of variables. The steps for simulating real life experiments in the Monte Carlo method are as follows:

1. List all possible outcomes of the experiment.

2. Determine the probability of each outcome.

3. Set up a correspondence between the outcomes of the experiment and the random numbers.

4. Select random numbers from a table and conduct the experiment.

5. Repeat the experiment and tally the outcomes.

6. Compute any statistics and state the conclusions.
    Before examples of the complete simulation technique are given, an illustration is needed for step 3 (set up a correspondence between the outcomes of the experiment and the random numbers). Tossing a coin, for instance, can be simulated by using random numbers as follows: Since there are only two outcomes, heads and tails, and since each outcome has a probability of , the odd digits (1, 3, 5, 7, and 9) can be used to represent a head, and the even digits (0, 2, 4, 6, and 8) can represent a tail. Suppose a random number 8631 is selected. This number represents four tosses of a single coin and the results T, T, H, H. Or this number could represent one toss of four coins with the same results. An experiment of rolling a single die can also be simulated by using random numbers. In this case, the digits 1, 2, 3, 4, 5, and 6 can represent the number of spots that appear on the face of the die. The digits 7, 8, 9, and 0 are ignored, since they cannot be rolled.

3

     When two dice are rolled, two random digits are needed. For example, the number 26 represents a 2 on the first die and a 6 on the second die. The random number 37 represents a 3 on the first die, but the 7 cannot be used, so another digit must be selected. As another example, a three-digit daily lotto number can be simulated by using three-digit random numbers.

EXAMPL 1:
Using random numbers, simulate the gender of children born.

Solution

There are only two possibilities, female and male. Since the probability of each outcome

is 0.5, the odd digits can be used to represent male births and the even digits to represent

female births.
x=sample(0:9,1)
ifelse(x%%2==0,"B","F")

or
sample(c("B","G"),1)
EXAMPL 2:
Using random numbers, simulate the outcomes of a tennis game between Bill and Mike,

with the additional condition that Bill is twice as good as Mike.

Solution

Since Bill is twice as good as Mike, he will win approximately two games for every

one Mike wins; hence, the probability that Bill wins will be , and the probability that

Mike wins will be . The random digits 1 through 6 can be used to represent a game Bill

wins; the random digits 7, 8, and 9 can be used to represent Mike’s wins. The digit 0 is

disregarded. Suppose they play five games, and the random number 86314 is selected.

This number means that Bill won games 2, 3, 4, and 5 and Mike won the first game.

The sequence is

8    6    3    1    4

M   B   B   B   B

Using R:     
          sample(c("Bill","Mike"),5,T,c(.66,.33))
EXAMPL 3:
A die is rolled until a 6 appears. Using simulation, find the average number of rolls needed. Try the experiment 20 times.

Solution

Step 1 List all possible outcomes. They are 1, 2, 3, 4, 5, 6.

Step 2 Assign the probabilities. Each outcome has a probability of .

Step 3 Set up a correspondence between the random numbers and the outcome. Use random numbers 1 through 6. Omit the numbers 7, 8, 9, and 0.

Step 4 Select a block of random numbers, and count each digit 1 through 6 until the first 6 is obtained. For example, the block 857236 means that it takes 4 rolls to get a 6.

8      5      7       2      3       6


        5               2      3        6

Step 5 Repeat the experiment 19 more times and tally the data as shown. 
     Trial                  Random number                           Number of rolls

        1                     8 5 7 2 3 6                                          4

        2                     2 1 0 4 8 0 1 5 1 1 0 1 5 3 6             11

        3                     2 3 3 6                                                 4

        4                     2 4 1 3 0 4 8 3 6                                 7

       5                      4 2 1 6                                                 4

       6                      3 7 5 2 0 3 9 8 7 5 8 1 8 3 7 1 6       9

       7                      7 7 9 2 1 0 6                                       3

       8                      9 9 5 6 


     2

       9                      9 6                                                       1

      10                     8 9 5 7 9 1 4 3 4 2 6                          7

      11                     8 5 4 7 5 3 6                                       5

      12                     2 8 9 1 8 6                                          3

      13                    6                                                           1

      14                    0 9 4 2 9 9 3 9 6                                 4

      15                    1 0 3 6                                                 3

      16                    0 7 1 1 9 9 7 3 3 6                              5

      17                    5 1 0 8 5 1 2 7 6                                 6

      18                    0 2 3 6                                                  3

     19                     0 1 0 1 1 5 4 0 9 2 3 3 3 6                 10

     20                     5 2 1 6                                                  4

                                                                                     Total 96

Step 6 Compute the results and draw a conclusion. In this case, one must find the average.
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Hence, the average is about 5 rolls.

Note: The theoretical average obtained from the expected value formula is 6. If this experiment is done many times, say 1000 times, the results should be closer to the theoretical results.
Using R:     

y=0
for (j in 1:20){
x=sample(6,1);i=1
cat("x=",x, "\n")
while(x!=6){
i=i+1
x=sample(6,1)
cat("x=",x,"\n")
}
y[j]=i
cat("sample",j,"-No. of triles=",i,"\n")
}
mean(y)

EXAMPL 3:
      A box contains five $1 bills, three $5 bills, and two $10 bills. A person selects a bill at

random. What is the expected value of the bill? Perform the experiment 25 times.

Solution

Step 1 List all possible outcomes. They are $1, $5, and $10.

Step 2 Assign the probabilities to each outcome
Step 3 Set up a correspondence between the random numbers and the outcomes. Use random numbers 1 through 5 to represent a $1 bill being selected, 6 through 8 to represent a $5 bill being selected, and and 0 to represent a $10 bill being selected.

Steps 4 and 5 Select 25 random numbers and tally the results.

Number             Results ($)

4 5 8 2 9             1, 1, 5, 1, 10

2 5 6 4 6             1, 1, 5, 1, 5

9 1 8 0 3             10, 1, 5, 10, 1

8 4 0 6 0             5, 1, 10, 5, 10

9 6 9 4 3             10, 5, 10, 1, 1

Step 6 Compute the average:
E(X) =∑[X . P(X)]= (0.5)($1) +  (0.3)($5) +  (0.2)($10) = $4.00
Using R:     

x=sample(0:9,25,T)
x
y=ifelse(x<=4,1,ifelse(x>7,10,5))
mean(y)
expected.value=.5*1+.3*5+.2*10
expected.value

HOMEWORK:
       A person selects a key at random from four keys to open a lock. Only one key fits. If the first key does not fit, she tries other keys until one fits. Find the average of the number of keys a person will have to try to open the lock. Try the experiment 25 times. 
Solution

Assume that each key is numbered from 1 through 4 and that key 2 fits the lock. Naturally, the person doesn’t know this, so she selects the keys at random. For the simulation, select a sequence of random digits, using only 1 through 4, until the digit 2 is reached. The trials are shown here.

Trial       Random digit (key)     Number                         Trial       Random digit (key)        Number

1                       2                               1                                    14                2                                    1

2                       2                               1                                    15               4 2                                  2

3                      1 2                             2                                    16              1 3 2                                3

4                      1 4 3 2                       4                                    17             1 2                                    2

5                      3 2                             2                                    18              2                                       1

6                      3 1 4 2                       4                                    19             3 4 2                                 3

7                      4 2                             2                                     20            2                                        1

8                      4 32                           3                                     21            2                                        1

9                      4 2                             2                                     22             2                                       1

10                    2                                1                                     23            4 2                                     2

11                    4 2                             2                                     24           4 3 1 2                               4

12                   3 1 2                           3                                     25           3 1 2                                  3

13                   3 1 2                           3
Total 54

Next, find the average:
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The theoretical average is 2.2. Again, only 25 repetitions were used; more

repetitions should give a result closer to the theoretical average.
· using R to simulate the experiment. 
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